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2 . Fusion Verlinde




, [FH],[H] . $sl(n, C)$ , $n$
$0$ . $sl(n, C)$
Cartan subalgebra $h$ . $n$
, $i$ $\epsilon_{i}$ .
$sl(n, C)$
$\triangle=\{\epsilon_{i}-\epsilon_{j} ; 1\leq i\neq j\leq n\}$
.
$\triangle_{+}=\{\epsilon_{i}-\epsilon_{j} ; 1\leq i<j\leq n\}$
, .
$(1^{\prime=\epsilon_{i}-\epsilon_{i+1}}$ $i=1,2,$ $\cdots,$ $n-1$
, $h^{*}$ . ,
.
$Q=Z\alpha_{1}\oplus\cdots\oplus Z\alpha_{n-1}$
root lattice . Cartan-Killing form
$\langle\epsilon_{i}, \epsilon_{j}\rangle=\delta_{ij}$
,
$\langle\alpha_{i}, \alpha_{i}\rangle=2$ , $\langle\alpha_{i}, \alpha_{i+1}\rangle=-1$ , $\langle\alpha_{i}, \alpha_{j}\rangle=0$ , $|i-j|>1$
.
$\Lambda_{j}=(\epsilon_{1}+_{-}\cdot\cdot+\epsilon_{i})-\frac{i}{n}\sum_{i=1}^{n}\epsilon_{i}$
, , $\langle\Lambda_{i}, \alpha_{j}\rangle=\delta_{ii}$ .
$P=Z\Lambda_{1}\oplus\cdots\oplus Z\Lambda_{n-1}$
, $wc^{\Delta}ig1\iota t$ lattice .
-S $(/\backslash )=/\backslash -\{\alpha,$ $\lambda\rangle$ $\alpha$ , $\alpha\in\triangle$ , $\lambda\in P$
, $P$ . $s_{\alpha_{i}},$ $1\leq i\leq n-1$
$Tt^{\gamma}$ , , $n$ .
$P_{+}(" \iota)=\{\sum_{i=1}^{n-1}a_{i}\Lambda_{i}$ ; $c\iota_{i}\in Z$ , $a_{i}\geq 0\}$
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. $P_{+}(\uparrow\iota)$ , dominant integral weight . $\lambda\in P+(n)$






$sl(3, C)$ 2.1 .
Littlewood-Richardson rule
$sl(n, C)$ Littlewood-Richardson
rule , . $sl(n, C)$
, dominant integral weight $P+(n)$ 1 1 .
, .
. 22 $(d_{1}, d_{2}, \cdots , d_{k})$ ,
$d_{1}\geq cl_{2}\geq\cdot\cdot$ $\geq d_{k}\geq 0,$ $k\leq n$ . , $d=$
$d_{1}+d_{2}+\cdots+cl_{1_{\backslash }}$. . $P_{+}(n)$
$1^{-}’\iota_{1}\Lambda_{1}+?1x_{2}\Lambda_{2}+\cdots+\uparrow n_{n-1}\Lambda_{n-1}$
’) $=d_{1}-d_{2},$ $\cdots,$ $\uparrow?x_{k-1}=d_{k-1}-d_{k}.$ , $7n_{k}$. $=d_{k}$
16
. , $k=n$ $m_{k}=0$ .
, , $n$ $V$ $d$
, .
$[d_{1}, \cdots, d_{k}]$ .
$d_{t}$ /|
Figure 2.2
Littlervoocl-Riclrardson rule , $sl(n, C)$ )
$[d_{1}, \cdots, d_{k}]\otimes[d_{1}’, \cdots, d_{m}’]$
, .
, $[cl_{1}, \cdots, cl_{k}.],$ $[d_{\iota}’, \cdots, d_{\eta_{l}}’]$ , 2.3
2 $i$ $i$ . 1








latticc $1$ ) $c1^{\cdot}111\mathfrak{U}C_{\dot{C}})_{-}tion$ .
, lattice $1^{3elm\iota\iota tation}$ , $N,$ $i$ ,
$N$ $i$ , $i+1$
. {1, 1, 1, 2, 3} lattice permutation
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, $n_{\lambda\mu}^{\nu}$ $V_{\nu}$ . $P_{+}(n)$ $Z$
,
$\lambda\cdot\mu=\sum_{\nu}n_{\lambda\mu}^{\nu}\nu$
$sl(\uparrow x, C)$ , $R_{n}$ .
$R_{n}=Z[\Lambda_{1}, \cdot .., \Lambda_{n-1}]$
.
Fusion $\dot{\zeta}$) $1gc1_{21\dot{c}1}$ , [BPZ] vertex operator
. Fusion algebra ,
intertwiner .
([TK] .) A , truncate ,
, ,
. , $K$ .
$P_{+}( \cdot’\iota, K)=\{\sum_{i=1}^{n-1}a_{i}\Lambda_{i}.;c\iota_{i}\in Z$ , $a_{i}\geq 0$ $\sum_{i=1}^{n-1}a_{i}\leq K\}$
. , $sl(\overline{n,}C)$ $K$ dominant integral
weight 1 1 . $P_{+}(n, K)\subset P_{+}(n,$ $K+$
1)
$\partial F_{+}(’)^{-}\iota,$ $K$ ) $=p_{+}(n, K+1)\backslash P_{+}(n, K)$
. $R_{7}$ , \partial P+(n, $K$ ) $I_{n,K}$
. , fusion algebra $R_{n,It’}$.
$R_{n,K}=R_{n}/I_{n,K}$
. , $\backslash \in P_{+}(n, K)$ $Z$
.
$/ \backslash \cdot\mu=\sum_{\nu}N_{\lambda\mu}^{\nu}\nu$
, $N_{\lambda^{l/}\mu}$ , .
([GW] .)
$sl(2, C)$ , Clebsch-Gordan
rule . $\uparrow n\Lambda_{1},$ $\uparrow n\in Z,$ $m\geq 0$ $V_{m\Lambda_{1}}$
19




$V_{1/2}^{\otimes 4}=V_{2}\oplus 3V_{1}\oplus 2V_{0}$
, $m+1$ $m\Lambda_{1}$ $\Lambda_{1}$
$P_{\eta 1}= \sum_{i=0}^{\sim}[71l/](-1)^{i}(\begin{array}{ll}m -i i\end{array}) \Lambda_{1}^{m-2i}$ (2.4)
. Fusion algebra $R_{2,K}$
$Z[\Lambda_{1}]/(P_{Ii’+1})$







$i+j+k\in Z$ , $i+j+k\leq K$
$sl(3, C)$ , fusion algebra , 2.5







involution . , $w$
. $\lambda^{*}$ . $sl(3)$ ,
25 . $N_{\lambda\mu\nu}=N_{\lambda^{\nu}\mu}$ \langle .
, $\wedge T_{\lambda_{l^{l}}}^{\mu}$ .
Proposition 2.6
(1) $\uparrow\iota_{\lambda_{1^{l}}}^{l/}\geq\wedge^{/V_{\lambda_{1^{l}}^{\nu}}}$




Verlinde $i(lcntity$ , $S$ fusion algebra
[V] . ,
. ,
[K] . $P_{+}(n, K)$ $\lambda$ , integrable highest
weight module $sl(\overline{n,}C)$ $\mathcal{H}_{\lambda}$ . $\mathcal{H}_{\lambda}$
$\chi_{\lambda}$ . $\mathcal{H}_{\lambda}$ Sugawara construction Virasoro Lie
, $L_{0}$
$\chi_{\lambda}(\tau)=Tr_{\mathcal{H}_{\lambda},\prime}q^{L_{0}-c/24}$
. , $q=\exp\pi\sqrt{-1}\tau$ . , $c$ Virasoro Lie
central $c1_{1\urcorner_{1}1}\zeta ge$
$c= \frac{f\backslash ^{\nearrow}di_{l}nsl(n,C)}{I\iota’+n\prime}$ (2.7)
.
, ,
. $\lambda$ $sl(n, C)$ , $sl(\overline{n,}C)$
21
negative part Verma $\mathcal{M}_{\lambda}$
. , center $K$ . $\mathcal{M}_{\lambda}$ , null




$T \uparrow \mathcal{H}_{\lambda}1^{L_{0}}=\sum_{d=0}^{\infty}q^{d}\dim \mathcal{H}_{\lambda,d}$
.
, , $n=2,$ $\lambda=2j+1$
,
$\chi_{\lambda}=\eta(\tau)^{-3}\sum_{\prime\{1=-\infty}^{\infty}[2??z(K+2)+(2j+1)]e^{\pi\sqrt{-1}\tau[2m(K+2)+(2j+1)]^{2}/2(K+2)}$




, $CC$) $11\{\mathfrak{c}$) $1^{\cdot}m_{C}\sqrt{}$ weight . , $L_{0}$ $\uparrow/^{r_{\lambda}}$
. $n=2,$ $/\backslash =2j+1$ ,
$\triangle_{j}=\frac{j(j+1)}{I\backslash ^{\nearrow}+2}$
.




$’ \backslash \lambda(\tau+1)=\exp 2\pi\sqrt{-1}(\triangle_{\lambda}-\frac{c}{24})\chi_{\lambda}(\tau)$
22
. ,
$S_{\lambda\mu}= \frac{(\sqrt{-1})^{n(n-1)/2}}{\sqrt{\uparrow x(I_{C}^{\nearrow}+?x)^{n-1}}}\sum_{\tau v\in W}\det w\exp(\frac{2\pi\sqrt{-1}}{I_{1^{J’}}+n}\langle w(\lambda+\rho),$ $\mu+\rho$ } $)$
.
$T_{\lambda\mu}= \delta_{\lambda\mu}\exp 2\pi\sqrt{-1}(\triangle_{\lambda}-\frac{c}{24})$
. $sl(2, C)$ ,
$S_{ij}= \ulcorner\frac{2}{\Lambda’+2}\sin\frac{\pi(2i+1)(2j+1)}{I\iota’\prime+2}$
.








$S_{0\lambda}= \frac{1}{\sqrt{n(\Lambda’+n)^{n-1}}}\prod_{+\alpha\in\triangle}2$ sinn $\frac{\pi\{\lambda+\rho,\alpha\rangle}{I\backslash ’\prime+n}$ (2.9)
. ,
$\frac{S_{0\lambda}}{S_{00}}=\frac{\Pi_{\alpha\in\Delta+}\sin\frac{\pi\langle\lambda+\rho,\alpha\rangle}{K+n}}{\Pi_{\alpha\in\triangle}+\sin\frac{\pi\langle\rho,\alpha\rangle}{I\mathfrak{i}’+n}}$
, $Karrow\infty$ , $\lambda$
.
Proposition 2.10 (Verlinde identity)
$\wedge T_{\lambda\mu}^{\nu}=\sum_{\alpha\in P_{+}(n,Ii’)}\frac{S_{\lambda\alpha}S_{\mu\alpha}S_{\nu\alpha}}{S_{0}\alpha}$
23
Verlinde , . Fusion
algebra $R_{\iota,I\backslash ’}$
$w_{\lambda}=S_{0\lambda} \sum_{\lambda}S_{\lambda\mu}\mu$
, Proposition $S$ , $w_{\lambda}$ idempotent
.
$w_{\lambda}\cdot w_{\mu}=\delta_{\lambda\mu}w_{\lambda}$
. , fusion algebra , $S$
.
3. $sl(\uparrow\tau, C)$ 3
framed link
Witten 3
, , colored framed
link . Link .
$L$ 3 $S^{3}$ framed link . $L$
$L=L_{1}\cup L_{2}\cup\cdots\cup L_{k}$
. ,
$/\backslash :\{1,2, \cdots k\}arrow P_{+}(n, K)$
$sl(\uparrow x, C)$ colored framed
link . , $J(L, \lambda)$ . , link












$J_{\circ/_{\backslash }}\lambda=\exp 2\pi\sqrt{-1}\triangle_{\lambda}J(\lambda$ ,
$Jl. \mu=\frac{S_{\lambda\mu}}{S_{0\lambda}}J\star^{\lambda}(\lambda\cdot$
2 , framing conformal weight
. , $S$ $S$
. $J(L.,$ $/\backslash )$ lillk .
, $\lambda(i)$ $\lambda(i)^{*}$
.
$J$ ( $c^{\lambda\Phi}$)$o^{\mu}’)\overline{\sim}\sum_{\vee}N_{\lambda}^{\nu}\mu J(c_{\cup}^{\subseteq^{\nu})})$
Figure 3.3
33 , link \mbox{\boldmath $\lambda$}, $\mu$
, link $\lambda\otimes\mu$
, fusion rule
. , $k$ link , fusion algebra
, multi-linear map
$J(L, \cdot)$ : $R_{n,I\backslash ’}^{\otimes k}arrow C$
25
. Fusion algebra link
, fusion algebra compatible .
. $q$ 1
* , multi-linear map
$R_{n}^{\otimes k}arrow C$
. $q= \exp(\frac{2\pi\sqrt{-1}}{l\backslash ’+n})$ $I_{n,K}$
. ,
$q$
$q= \exp(\frac{2\pi\sqrt{-1}}{l\backslash ’+?1})$ .
.
Orientcd frame link $L$
$\Lambda_{1}$ . $J_{L}$
. 3.1
$elemental\cdot y1_{\overline{J}1}\cdot aic1$ $R$ .
$1^{\gamma_{\Lambda_{1}}}\otimes\uparrow r_{\Lambda_{1}}=V_{2\Lambda_{1}}\oplus V_{\Lambda_{2}}$
$R$ 2 .
$q= \exp(\frac{2\pi\sqrt{-1}}{\Lambda’+n})$ , $t= \exp(\frac{\pi\sqrt{-1}}{n(I\acute{\backslash }’+n)})$










. ( 3.6 . )





















3 . $M$ $S^{3}$ framed
link $L$ Dehn surgery . , $L$




$n,$ $K$ . $L$ .
$/\backslash :\{1,2, \cdots k\}arrow P_{+}(n, K)$
, $J(L, \lambda)$ .
3 $1\uparrow/$[ .
$Z(]|/I; \uparrow\tau, K)=C^{sign(L)}\sum_{\lambda}S_{0\lambda(1)}\cdots S_{0\lambda(k)}J(L, \lambda)$ (3.10)
$C$ (2.7) central charge $c$
$C=( \exp 2\pi\sqrt{-1}\frac{c}{24})^{-3}$
. , sign $(L)$ $L$ linkng matrix
. \mbox{\boldmath $\lambda$} : $\{1, 2, \cdots k\}arrow$
$P_{+}(n, K)$ . , involution* ,
$L$ . , 3
$\Lambda l$ Dehn surgery
. , Kirby move
, , $J(L, \lambda)$ Proposition
32 $S,$ $T$ (2.8) .
28
.
, Dynkin diagram automorphism
. , [KT] . $P_{+}(n, K)$
, $sl(\uparrow t, C)-$ level $I\backslash \nearrow$ dominant integral weight
$P_{+} \overline{(n,}K)=\{\sum_{i=0}^{n-1}a_{i}\hat{\Lambda}_{i}$ ; $a_{i}\in Z$ , $a_{i}\geq 0$ $\sum_{i=0}^{n-1}a_{i}=K\}$
. $P_{+}\overline{(n,}K$ ) , $Z_{n}$
$\sigma(\hat{\Lambda}_{i})=\hat{\Lambda}_{i+1}$
. $P_{+}(n, K)$ ,
$\sigma(/\backslash )=C\lambda+K\Lambda_{1}$ , $\lambda\in P_{+}(n, K)$





. , $sl(3, C)$ , 25
$2\pi/3$ $\sigma$ . $*$ , 2
$D_{3}$ .
$/\backslash \in P_{+}(\uparrow\tau, K)$ $|\lambda|$
. Conformal weight, $S$ $\sigma$ , .
$\triangle_{\sigma(\lambda)}-\triangle_{\lambda}=\frac{1}{n}(\frac{(n-1)It’}{2}-|\lambda|)$ (3.11)
$S_{\sigma(\lambda)\mu}= \exp(\frac{2\pi\sqrt{-1}|\mu|}{n})S_{\lambda\mu}$ (3.12)





Proposition 3.13 (symmetry principle)
$\frac{J(L\cup N,\mu\cup\sigma(\lambda))}{J(L\cup N,\mu\cup\lambda)}$
$= \exp(\frac{\pi\sqrt{-1}}{?l}(((n-1)K-2|\lambda|)N\cdot N-2\sum_{j=1}^{k}|\mu(j)|L_{j}\cdot N))$
, 3.10 , 2
,
.




$P_{+}(\uparrow x, K)=\{0,1/2,1, \cdots, K/2\}$
. $L$ 1/2
$J_{L}$ , Jones .
, color , fusion rule




. 3.10 , [RT], [KM]
3 cabling fonnula .
30
$sl(3, C)$
$R_{3}$ , $\Lambda_{1},$ $\Lambda_{2}$ $Z[\Lambda_{1}, \Lambda_{2}]$
. $m_{1}A_{1}+m_{2}A_{2},$ $m_{1},$ $m_{2}\in Z,$ $m_{1},$ $m_{2}\geq 0$
, , $x=\Lambda_{1},$ $y=\Lambda_{2}$
, $P_{7?11},m_{2}(x, y)$ . $P_{m_{1},m_{2}}$ , Littlewood-Richardson rule
, .
$P_{1,0}=x$ , $P_{0,1}=y$ , $P_{1,1}=xy-1$ ,
$xP_{m,0}=P_{m-1,1}+P_{m+1,0}$ ,
$xP_{?1\iota_{1},\cdot n\iota_{\vee}}.\urcorner=P_{\uparrow?\iota_{1},n\iota_{2}-1}+P_{m_{1}-1,m_{2}+1}+P_{m_{1}+1,m_{2}}$ , $m_{1},$ $m_{2}>0$








, . $S^{3}$ framed
link $L=L_{1}\cup L_{2}\cup\cdots\cup L_{k}$ $R_{3}$
$J(L, /\backslash )$ , . Fu-
sion rule $P_{m_{1},m_{2}}$ , 3.3 ,
$J(L, \lambda)$ $L$ parallel version ,
$\Lambda_{1}$ , A2 .
, $\Lambda_{1}$ ,
35 . , $\Lambda_{1}^{*}=\Lambda_{2}$ , $\Lambda_{2}$
, $\Lambda_{1}$
, .





$sl(\uparrow x, C)$ , .
$J(L, /\backslash )$ . , $L$
$b\in B_{n}$ . $j$
$/\backslash _{j}$ .
$\rho(b)$ : $V_{\lambda_{1}}\otimes\cdots V_{\lambda_{n}}arrow V_{\lambda_{1}}\otimes\cdots V_{\lambda_{n}}$
, $V_{\mu}$ $(b)$ ,
$J(L, \lambda)=\sum_{\mu}\frac{S_{0\mu}}{S_{00}}\tau_{\mu}(b)$ (3.15)
. , $\tau_{\mu}(b)$
, parallel version -
, . parallel version
, [M] .
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